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Abstract
Some constructions of topologies by Marcos are generalized and shown to be related to a
much earlier construction of the author. c© 2002 Elsevier Science B.V. All rights reserved.
MSC: 54H13
1. Introduction
In [2] Marcos de9nes eight topologies which, in the order they are introduced, are
labelled T; T2; : : : ;T7, with the last topology (which we will call T8) not labelled.
We show that T is not a completely new construction, but rather a generalization of
a construction introduced by the author in [3] and that all the topologies constructed
in [2] arise as special cases of the topologies introduced in Theorem 8 below.
In [9] we noted that the topology constructed by Marcos in [1] was a direct topology
and that a substantial portion of [1] was devoted to proving, for one particular example,
properties of direct topologies in general. The same comments apply to [2]. Thus, we
summarize the basic properties of direct topologies in Section 2 and refer the reader
to [8–10,13] for proofs.
We use Z; Z¿0; Z¿0; Q; R, and C to denote the sets of integers, positive inte-
gers, nonnegative integers, rational numbers, real numbers and complex numbers, re-
spectively. We denote by A∗ the set of nonzero elements of a subset A of an additive
group.
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We use the word “sequence” for a function whose domain is a subset of Z¿0×Z¿0
as well as for functions whose domain is a subset of Z¿0. A sum (product) over the
empty set is de9ned to be zero (one). A sum of 2i − 1 terms of the form
(x1 + x2 + · · ·+ xi−1)yi + xi(y1 + y2 + · · ·+ yi−1) + xiyi
will be denoted by
∑
j∨k=i xjyk .
For a unique factorization domain R, we select, arbitrarily, a collection P con-
sisting of one prime from each equivalence class of associate primes and denote by
(a; b) the product of the highest power of each prime in P which divides both a
and b. Thus, we interpret the greatest common divisor as an element, not an ideal,
and the greatest common divisor of relatively prime elements is 1. We adopt the con-
vention that (a; 0) = (0; a) = 0. If x is in the quotient 9eld of R and x = a=b, where
(a; b) = 1; (x) denotes the product of the highest power of each prime in P which
divides b and (x) = x(x). Thus,  and  are well-de9ned functions from K∗ to R
and
x = (x)=(x); ((x); (x)) = 1:
If R is an integral domain and S is a multiplicative semigroup of R∗, then RS−1
will denote the ring of quotients of R with respect to S. In particular, R(R∗)−1 is
the quotient 9eld of R, and RS−1, where S is the complement of a prime ideal P,
is the localization RP of R at P. We denote by R× the set of invertible elements
in a ring R with identity. A ring R with quotient 9eld K is called an order of K
if 1∈R.
A sequence {Ri} of subrings of a ring is called independent if xi ∈Ri for all i
and
∑
i xi =0, implies xi =0 for each i. A nonzero element x of a ring is called
algebraically nilpotent if xn=0 for some positive integer n. A nonzero element x of a
topological ring is called topologically nilpotent if the sequence {xn} converges to 0.
For a subset A of a HausdorL abelian topological group G; Aˆ will denote the closure of
A in the completion of G. In particular, Gˆ denotes the completion of G. By an absolute
value on a 9eld we mean either a real valued (i.e., rank 1) nonarchimedean valuation
or a power of the usual absolute value on a sub9eld of the complex numbers. We let
T| | denote the topology induced by an absolute value | |; we let | |∞ denote the usual
absolute value on any sub9eld of C; for a prime p in a unique factorization domain,
we let ordp(x) denote the exponential p-adic valuation at x; and we let Tp denote the
p-adic topology. In particular | |1=x on F(x), where x is transcendental over the 9eld
F , is the absolute value which assigns to a polynomial f in x a constant (¿ 1) to the
degree of the polynomial. The neighborhood 9lter at zero for a ring topology T is
denoted by B(T).
We use a ∨ b (a ∧ b) to denote the least upper bound (respectively, the greatest
lower bound) of a and b, where a and b come from a lattice (particularly the ex-
tended real numbers with the usual order or a lattice of ring topologies); ∨A (∧A)
denotes the least upper bound (greatest lower bound) of an arbitrary subset A in a
lattice.
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2. Direct topologies
Denition 1. A sequence of subsets {Mi n}i; n∈Z¿0 of a ring R will be called a direct
system in (or on) R if
(D1) 0∈Mi n for all i and n and Mi n = {0} if i¡n;
(D2) −Mi n =Mi n for all i and n;
(D3) Mi n+1 +Mi n+1 ⊂ Mi n for all i and n;
(D4) [
∑k−1
i=1 (Mi 1 +Mi 1 +Mi 1)] ∩ (Mk 1 +Mk 1 +Mk 1) = {0} for all k ¿ 1;
(D5) for all i and n;
∑
j∨k=i xjyk ∈Mi n, whenever xj ∈Mj n+1 and yk ∈Mk n+1; for
all j and k; and
(D6) for all a∈R and n¿ 0, there exists k¿ 0 such that, for all i; aMi n+k ⊂ Mi n
and Mi n+ka ⊂ Mi n.
A direct system {Mi n} on a ring R with identity will be called a continuous inversion
direct system if
(D7) for all i¿ n¿ 1 and xj ∈Mj n+1,
1 +
i∑
j=n+1
xj ∈R×
implies 1 +
∑i−1
j=n+1 xj ∈R× and1 + i∑
j=n+1
xj
−1 xi
1 + i−1∑
j=n+1
xj
−1 ∈Mi n:
A direct system {Mi n} on a division ring R will be called completable if
(D8) for all i¿ n¿ 1 and xi ∈Mi n+1 and xj ∈Mj 1; 16 j¡ i, with xj =0 for some
j¡ i, we have i∑
j=1
xj
−1 xi
 i−1∑
j=1
xj
−1 ∈Mi n:
If there exists a sequence {Mi} of sets such that Mi n = Mi for i¿ n¿ 1, we say
{Mi n} is a simple direct system and {Mi n} is determined by {Mi}.
When sets {Mi n} are de9ned only for i¿ n, it will be assumed that Mi n = {0} for
i¡n.
For each positive integer n, let Un =
⋃∞
k=1
∑k
i=1 Mi n. The sequence {Un} will be
called the neighborhood base associated with the direct system.
The phrase “
∑
xi is a canonical representation of x∈Un” will mean xi ∈Mi n for all
i, and x is the sum of the nonzero elements xi. We use notation such as
∑
xi =ˆ
∑
yi
or
∑
xi ∈ˆUn to indicate that the equality or membership holds and all series occur-
ring in the expression are canonical. An expression such as (a=b)p ∈ˆMi n means that
(a=b)p∈Mi n and that a; b and p satisfy the de9ning conditions for being in Mi n.
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For all n; Un ⊂ U1 and a canonical representation of an element in Un is a canonical
representation when viewed as an element in U1. Condition (D4) readily implies that
canonical representations of elements in U1 are unique. The function ’i :U1 → Mi 1
(which we call the ith coordinate function) which assigns to x the element xi of its
canonical representation is well-de9ned.
The following super9cially diLerent de9nition for a direct system is sometimes more
convenient to use than the given one. Call {Mi n}i; n¿−1 a direct system if it satis9es
conditions (D1)–(D3), (D5), (D6) and
(D4′)
[
k−1∑
i=−1
Mi (−1)
]
∩Mk(−1) = {0} for all k ¿− 1:
If the sets Mi (−1); Mi 0; M(−1) n, and M0 n are removed from the newly de9ned direct
system, the remaining sets satisfy the original de9nition of direct system. Conversely,
each direct system in the original sense is a direct system in the new sense (provided
the sets Mi n are relabelled so that the indexing begins at (−1)).
Theorem 1. If {Mi n} is a direct system in the ring R; then the associated neighbor-
hood base is a neighborhood base at 0 for a Hausdor3 ring topology on R. The sets
Un; n¿ 2; are clopen in this topology.
Denition 2. A topology induced by some direct system will be called a direct topol-
ogy. A ring topology on a ring T will be called an extended direct topology if T
contains a dense direct subring; or; equivalently; if there exists a direct topology on a
ring R such that R ⊂ T ⊂ Rˆ and the topology of T is the subspace topology from Rˆ.
A topology is called a simple direct topology if it is induced by some simple direct
system.
Lemma 2.1. Suppose x0; : : : ; xn are elements of a ring with identity. Suppose also that
the elements si =
∑i
j=0 xj; 06 i6 n; and (consequently) the element s−1:=− x0 are
all invertible. If wi =−s−1i xis−1i−1; then
∑k
i=0 wi = s
−1
k for 06 k6 n.
Lemma 2.2. Suppose that
∑∞
i=0 xi converges to an element x in a topological ring
with identity. Let si =
∑i
j=0 xj; and assume si is invertible for all i¿ 0.
If
∑∞
i=1−s−1i xis−1i−1 is a convergent series, then x is invertible and
x−1 = x−10 +
∞∑
i=1
− s−1i xis−1i−1:
A series satisfying the conditions described in the right side of the equality in The-
orem 2(1) below will be called a canonical representation of its sum in Rˆ, and the
symbols “ =ˆ ” and “ ∈ˆ ” will be used as for 9nite sums. For 9nitely nonzero series the
new meaning of the word canonical coincides with its original meaning.
We will call a series
∑∞
i=m xi eventually canonical if xi ∈R for all i and there
exists k¿m such that
∑∞
i=k xi ∈ˆ Uˆ 2, where Uˆ 2 is as de9ned in Theorem 2(1) below;
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and we use notation such as
∑
xi ˆˆ=
∑
yi or
∑
xi ˆˆ∈Un to indicate that the equality or
membership holds and all series occurring in the expression are eventually canonical.
Theorem 2. Let Uˆ n be the closure of Un in the completion Rˆ of the ring R with
respect to the topology associated with the direct system {Mi n}.
(1) For n¿ 2,
Uˆ n =
{ ∞∑
i=1
xi : xi ∈Mi n ∀i; and given m ∃I(m) such that xi ∈Mi m ∀i¿ I(m)
}
:
(2) Canonical representations in Uˆ 2 are unique (so ’i extends naturally to Uˆ 2),
and
(a) ’i(x + y) = ’i(x) + ’i(y), when x; y; x + y∈ Uˆ 2;
(b) ’i(xy) =
∑
j∨k=i ’j(x)’k(y) for x; y; xy∈ Uˆ 2.
(3) If R has an identity,
∑∞
i=0 xi is an eventually canonical series with sum x, and
the partial sums si =
∑i
j=0 xj are invertible for i¿ 0, then
x−1 ˆˆ= x−10 +
∞∑
i=1
− s−1i xis−1i−1;
in the sense that the left side exists if and only if the series on the right converges,
and the equality holds when these equivalent conditions hold.
Suppose, in particular, that x0 = 1; x1 = x2 = 0; xi = 0 for i¿ r, and
∑r
i=3 xi ∈ˆU3.
Then x−1 ∈ 1 + Un; n¿ 3, if and only if
s−1i xis
−1
i−1 ∈Mi n for 36 i6 r:
(4) If
∑∞
i=1 xi is a canonical representation of an element x∈ Uˆ 2, then x∈R if and
only if {xi} is 8nitely nonzero, and x∈ Uˆ n if and only if xi ∈Mi n for all i.
Hence, a nondiscrete direct topology is not complete.
(5) For n¿ 2; Uˆ n is clopen.
Thus, each ring with an extended direct topology has an ultraregular completion.
(6a) − Un = Un and −Uˆ n = Uˆ n for all n.
(6b) Un+1 + Un+1 ⊂ Un and Uˆ n+1 + Uˆ n+1 ⊂ Uˆ n for all n.
(6c) Un+1Un+1 ⊂ Un and Uˆ n+1Uˆ n+1 ⊂ Uˆ n for all n.
(7) Inversion is continuous in a topology induced by a continuous inversion direct
system.
(8) The completion of a division ring with a topology induced by a completable
direct system is a division ring.
Every element x in the completion Rˆ of a ring R with a direct topology has an
eventually canonical representation: Choose n∈Z¿0 and x0 ∈R such that x − x0 ∈ Uˆ n
and write x as the sum of x0 and a canonical sum for x − x0.
Theorem 3. Let R be a ring with a direct topology.
(1) If R has no algebraically nilpotent elements, then the completion of R has no
topologically nilpotent elements.
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(2) If R is an integral domain (or, in particular, a 8eld), then the completion of
R is an integral domain and has no topologically nilpotent elements. Furthermore, R
is algebraically closed in its completion.
(3) If R has an identity, Rˆ
× ⊂ R̂× and Rˆ× ∩ R = R×. Consequently, if the set
of invertible elements in R is 8nite, then Rˆ
×
= R×. In particular, ±1 are the only
invertible elements in the completion of Z with a direct ring topology.
Corollary 3.1. (1) A nondiscrete ring topology on a 8eld with respect to which there
is a topological nilpotent (such as a ring topology induced by a norm or; more
specially; an absolute value) is not an extended direct topology.
(2) A supremum of a family of at least two independent ring topologies on a 8eld
is not an extended direct topology.
(3) A nondiscrete locally bounded topology on Q is not a direct topology.
Theorem 4. Suppose {Mi n} is a sequence of sets in a ring R such that
(D1′) 0∈Mi n; Mi n+1 ⊂ Mi n for all i and n; and Mi n = {0} if i¡n;
(D2)−Mi n =Mi n;
(D3′) for all n¿ 1 there exists k¿ 0 such that, for all i¿ 0; Mi n+k+Mi n+k ⊂ Mi n;
(D4′′) there exists n such that, for all k ¿ 1; (
∑k−1
i=1 Mi n) ∩Mk n = {0};
(D5′) for all n¿ 1 there exists k¿ 0 such that, for all i¿ 0;
∑
j∨l=i xjyl ∈Mi n,
whenever xj ∈Mj n+k and yl ∈Ml n+k for all j and l; and
(D6) given a∈R∗ and n¿ 0, there exists k¿ 0 such that, for all i; aMi n+k ⊂ Mi n
and Mi n+ka ⊂ Mi n.
There exists a strictly increasing sequence ,(n) of positive integers such that
{Mi ,(n)} is a direct system. The sets Wn =
⋃∞
k=1
∑k
i=1 Mi n form a neighborhood
base at zero for the associated direct topology (hence, the sets Wˆ n form a base at
zero for the completion), and
Wˆ n =
{ ∞∑
i=1
xi : xi ∈Mi n ∀i; and given m ∃I(m) such that xi ∈Mi m ∀i¿ I(m)
}
:
A sequence {Mi n} satisfying the conditions in Theorem 4 will be called a generalized
direct system. A strictly increasing sequence ,(n) such that {Mi ,(n)} is a direct system,
will be called a normalizing sequence, and {Mi ,(n)} will be called the normalized direct
system (associated with {Mi n} and ,(n)).
We use the de9nitions of canonical and eventually canonical series
∑
xi; xi ∈Mi n,
also for generalized direct systems {Mi n}. A sum is eventually canonical with respect
to a generalized direct system if and only if it is eventually canonical with respect to
the associated normalized direct system.
Theorem 5. If a ring R is the union of an increasing sequence {Ri} of subrings; and
{Mi} is an independent sequence of subrings of R such that Mi is a two-sided ideal
of Ri for all i; then {Mi} determines a simple direct system.
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If {Mi n} is a direct system on a ring R, then for each subring A of R; {Mi n ∩ A}
is a direct system on A which we call the relative direct system. One easily sees that
the topology of the relative direct system is 9ner than or equal to the relative direct
topology.
Lemma 6.1. If T is a ring topology on an integral domain R; and x = ya; where
a∈R×; then {xU : U ∈B(T)}= {yU : U ∈B(T)}.
Proof. x → ax and x → a−1x are continuous; so U ∈B(T) implies aU ∈B(T). Note
that xU = y(aU ).
Theorem 6. Let T be a nondiscrete ring topology on an order R of the 8eld K .
(1) {aU : a∈R∗; U ∈B(T)} is a neighborhood base at zero for the weakest ring
topology, which we will denote by TK , on K such that R∈TK and T6TK |R.
(2) T=TK |R if and only if aU ∈B(T) for all a∈R∗ and U ∈B(T).
(3) TK and TK |R are not discrete.
(4) Relativization from K to R establishes a 1–1 correspondence between the set
of all ring topologies on K in which R is open and the set of all ring topologies on
R such that T=TK |R.
(5) If R is a unique factorization domain and P is a complete set of nonassociate
primes in R and TK |R is 8rst countable, then P is countable. Conversely, if T is
8rst countable and P is countable, then, TK is 8rst countable.
Proof. For (1)–(4) see [12;6] (see also [4; p. 24]). Suppose R is a unique factor-
ization domain and {Wn} is a neighborhood base at zero for TK |R. Let prime(E) =
{p∈P: p|x ∀x∈E∗}. Note that; if E∗ = ∅; then prime(E) is a 9nite set. For each
p∈P; p∈ prime(Wn) if Wn ⊂ pU for some U ∈B(T). Therefore; P =
⋃∞
n=1 prime
(Wn); and P is countable.
To prove the converse, let [P] be the multiplicative semigroup of all 9nite products
from P. If P is countable and {Un} is a T-base at zero, then, by Lemma 6.1,
{xUn: x∈ [P]; n∈Z¿0} is a countable TK -base at zero.
Denition 3. We say that (K; | |; R) is a 8eld with a discrete ring if (K; | |) is 9eld with
a nontrivial absolute value; R is a ring whose quotient is K; and the absolute value
topology on K induces the discrete topology on R. Terminology such as a 9eld with
a discrete order or with a discrete unique factorization domain; etc.; will mean with
a 9eld with a discrete ring such that the discrete ring is an order of K or a unique
factorization domain; etc.
If (K; | |; R) is a 9eld with a discrete ring, then ∧ |R∗|¿ 1; |R| is unbounded, |ab|¿
|a|, for all a; b∈R∗, and |a|= 1 if a−1 ∈R.
Now let (K; | |; R) be a 9eld with a discrete unique factorization domain. Since
(ab; c) divides (a; c)(b; c); |(ab; c)|6 |(a; c)(b; c)|6 |a‖(b; c)| for a; b; c∈R∗. Clearly,
|(a=b)|6 |a| and |(a=b)|6 |b|. See [7] for information about discrete
rings.
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Theorem 7. Suppose that (K; | |; R) is a 8eld with a discrete ring and that {Mi n} is
a direct system inducing the nondiscrete topology T on R. If
∧ |M∗i n| (=∧{|x|: x∈
M∗i n}) is independent of n (by which we mean that; if i¿ n¿ 1; then
∧ |M∗i n| =∧ |M∗i 1|); then T¡TK |R.
Proof. Let /i=
∧ |M∗i n|; choose a∈R such that |a|¿ 1; and choose m such that aMi m ⊂
Mi 1 for all i. Then Un ⊂ aUm for any n: Given n; choose k such that M∗k n = ∅ and
choose c∈M∗k n such that |c|¡ |a|/k . The canonical representation of c∈Un is just c
itself. If c were in aUm we would reach a contradiction:
c =ˆ a
∑
xi =ˆ
∑
axi;
c = axk (and axi = 0; i = k);
|c|= |a‖xk |¿ |a|/k :
Corollary 7.1. If (K; | |; R) is a 8eld with a discrete ring; then T¡TK |R for each
nondiscrete simple direct topology T on R.
Example 1. Let K = F(T ); where T = {x1; x2; : : :} is a countable set of elements alge-
braically independent over the 9eld F . Let K have the extension of the trivial absolute
value on F determined by letting |xm| = 0m; where 0m¿ 1; and letting the absolute
value of a sum of monomials be the maximum of the absolute values of the terms.
Then (F(T ); | |; F[T ]) is a 9eld with a discrete order.
Let x0 = 1; R= F[T ]; R0 = F , and, for n¿ 1, let
Rn = R0[x1; : : : ; xn] = Rn−1[xn]:
For f =
∑k
i=0 hix
i
n, with hi ∈Rn−1, factor xn out of each of the nonconstant terms to
write f=Hnxn+h0; Hn ∈Rn. Then represent h0 in an analogous fashion and continue,
inductively, to obtain that f =
∑k
i=0 Hixi, with Hi ∈Ri. This condition uniquely de-
termines the polynomials Hi. Let Mi = Rixi. By Theorem 5 and Corollary 7.1, {Mi}
determines a simple direct topology T such that T¡TK |R.
The sequence {xnF(x1; : : : ; xn−1)[xn]} determines a simple direct topology on K .
Suppose, more generally, that F is any commutative ring with identity. The sequence
{Rixi}, where again the xi are algebraically independent over F and the sets R and Ri
are de9ned as above, determines a simple direct topology T on R. If we begin the
indexing with i = 0, we obtain U0 = R (cf. Section 5 in [10] and Example 1, taken
from [1], in [9]).
3. Constructions of Marcos
The following results on the rate of growth of certain sequences will be used to
prove the main results.
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Let {hi} be a sequence of real numbers such that h1 = 1; h2¿ 2, and hi+1¿ hii
for all i¿ 1. By induction, hi+1¿ 2i! for all i¿ 1. Using this inequality, one readily
checks that ii6 hi+1 for i¿ 2, 4i6 hi+1 for i¿ 3, and 8i6 hi+1 for i¿ 4. (Note, for
example, ii6 2i! if and only if i log2 i6 i!.)
Lemma 8.1. Let {hi} be a sequence of real numbers such that h1 = 1; h2¿ 2; and
hi+1¿ hii for all i¿ 0.
(a) ([2]) For m¿ 3;
∏m
i=1 hi6 h
1=(m−2)
m+1 .
(b) For j¿m¿ 3,( j∑
i=1
h1=mi+1h
1=i
i+1
) j+1∏
i=1
h1=mi 6 h
5=m
j+1:
Proof. We prove (b). Bounding the sum in (b) by j times the largest term and applying
(a) (with m= j); we have the following bound for the left side of the inequality above
(jh1=mj+1h
1=j
j+1)h
1=( j−2)m
j+1 h
1=m
j+1:
Since j¿ 3; we have j6 h1=jj+1 and (j − 2)m¿m. Therefore; each of the 9ve factors
in the display above is less than or equal to h1=mj+1.
Lemma 8.2. Let R be a unique factorization domain; let S be a multiplicative semi-
group of R∗; and let 〈S〉 be the multiplicative semigroup generated by the set of all
invertible element of R together with the set of all primes in R that divide at least
one element of S. Then 〈S〉 is the largest semigroup T such that RT−1 = RS−1. If
x∈RS−1; then (x)∈ 〈S〉.
Theorem 8. Let (K; | |; R) be a 8eld with a discrete unique factorization domain; let
S be a multiplicative semigroup of R∗; and let 〈S〉 be as in Lemma 8.2. Let {pi} be
a sequence of elements in R such that p1 = 1; |p2|¿ 2; and |pi+1|¿ |pi|i for all i;
and let {hi} be a sequence of real numbers such that h1 = 1; h2¿ 2; hi+1¿ hii; for
all i; and |pi−1|i−16 hi6 |pi| for i¿ 2.
For i¿m let
Ni m =
{a
b
pi: a; b∈R; |a|; |b|6 h1=mi+1; b =0
}
;
M 1i m =
{a
b
pi ∈ˆNi m: b∈ 〈S〉; |(b; pi)|6 h1=mi
}
;
M 2i m =
{
a
b+ cpi
pi: a; b; c∈R; b+ cpi ∈ 〈S〉; |a|; |c|6 h1=mi+1; 0¡ |b|6 h1=mi
}
:
Let 3 be either 1 or 2. The sequence {M3i m} is a generalized direct system for a
nondiscrete direct topology T3 on RS−1; T16T2. If S = R∗, then T3 is a com-
pletable direct 8eld topology on K .
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In Theorem 8, the choice h2 = 2 and, for i¿ 3; hi = |pi−1|i−1 and the choice hi =
|pi| for all i always satisfy the hypothesis. These two choices may lead to diLerent
topologies (see Example 2 below).
The notation from Theorem 8 is used in the lemmas below.
Lemma 8.3. If j¿m¿ 3 and x∈∑ji=m Ni m; then |(x)|6 h5=mj+1 and |(x)|6 h2=mj+1.
Proof. Let
∑j
i=m(ai=bi)pi be a canonical expression for x. To bound |(x)|; write x as a
single fraction with denominator
∏j
i=m bi and apply the triangle inequality and Lemma
8.1(b) to the absolute value of the numerator. Lemma 8.1(a) shows that |(x)|6 h2=mj+1.
Lemma 8.4. Suppose x0 ∈K∗; j¿m¿ 3;
|(x0)|; |(x0)|6 h1=mj+1;
y∈∑ji=m Ni m; and x = x0 + y. Then |(x)|6 h7=mj+1 and |(x)|6 h3=mj+1.
Proof. Add fractions to obtain
x =
(x0)(y) + (y)(x0)
(x0)(y)
;
|(x)|6 h
1
m+
2
m
j+1 + h
5
m+
1
m
j+1 6 h
3=m
j+1 + h
6=m
j+16 2h
6=m
j+16 h
7=m
j+1;
|(x)|6 h
1
m+
2
m
j+1 6 h
3=m
j+1:
Lemma 8.5. For m¿ 1; M 2i 3m ⊂ M 1i m.
Proof of Theorem 8. (D1′) and (D2) are obvious in both cases. If n¿ 4m; then (n¿ 4;
so that 4n6 hn+1; and); arguing as in the proof of Lemma 8.4; Ni n + Ni n ⊂ Ni m and
M3i n +M
3
i n ⊂ M3i m; this veri9es (D3′). We now prove (D4′′). Suppose x∈
∑j−1
i=7 M
1
i 7
and (a=b)pj ∈ˆM 1j 7 and x = (a=b)pj. If a =0 we reach a contradiction as follows. We
have
(x)
(x)
= x =
a
b
pj;
|((x)b; pj)|= |((x)apj; pj)|= |pj|;
but; by Lemma 8.3;
|((x)b; pj)|6 |(x)‖(b; pj)|6 h5=7+1=7j ¡ |pj|:
This proves (D4′′) for {M 1i m}; the fact that (D4′′) holds when 3 = 2 follows from
Lemma 8.5.
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We now verify (D5′). Using (D3′) twice, we choose k¿m such that for 3 =
1; 2; M3j k + M
3
j k + M
3
j k ⊂ M3j m. Let n = 9k. For j¿ n (in particular, j¿ 9), choose
x3; x′3 ∈
∑j−1
i=n M
3
i n (the subscripts of x3 and x
′
3 are omitted below) and
a
b
pj;
a′
b′
pj ∈ˆM 1j n;
apj
b+ cpj
;
a′pj
b′ + c′pj
∈ˆM 2j n:
Now (D5′) is established by showing, for 3= 1,
x
a′
b′
pj + x′
a
b
pj +
a
b
pj
a′
b′
pj ∈ˆM 1j k +M 1j k +M 1j k ;
and, for 3= 2,
x
a′pj
b′ + c′pj
+ x′
apj
b+ cpj
+
apj
b+ cpj
a′pj
b′ + c′pj
∈ˆM 2j k +M 2j k +M 2j k :
We show this for 3= 2; the proof for 3= 1 is similar. From Lemmas 8.3 and 8.5,
it follows that |(x)|6 h15=nj and |(x)|6 h6=nj , so
x′
apj
b+ cpj
=
(x′)apj
(x′)b+ (x′)cpj
;
|(x′)a|6 h15=(nj)+1=nj+1 6 h3=nj+16 h1=kj+1; (x′)(b+ cpj)∈ 〈S〉;
|(x′)b|6 h6=n+1=nj 6 h1=kj ; |(x′)c|6 h6=(nj)+1=nj+1 6 h1=kj+1:
This shows that the 9rst two terms that are supposed to belong to M 2j k do, in fact,
belong to that set. The veri9cation that the third term also belongs to M 2j k is similar.
To prove that (D6) holds, suppose that x∈R∗S−1 and m¿ 3 are given. Then xM3i n ⊂
M3i m for n¿m such that
|(x)|; |(x)|6 h1=[m(m+1)]n :
We conclude that T3 is a direct ring topology and {W3m}, where W3m =
⋃∞
k=m
∑k
i=m
M3i m is a neighborhood base at zero for T
3. By Lemma 8.5, T16T2; both of these
are nondiscrete because pn → 0.
Assume now that S = R∗, so that T3 is a direct ring topology on K . Choose m0
such that −1 ∈ W 1m0 . Inversion is continuous in T1, since (1 + W 115m)−1 ⊂ 1 + W 1m
for m¿ (3 ∨ m0). We verify these containments as follows. Let n = 15m, let x =∑k
i=1 xi ∈ˆW 1n (where xi = 0 for i¡n), let x0 = 1, and let si =
∑i
j=0 xj. Since −1 ∈
W 1n ; si =0 for any i. By Lemma 2.1, (1 + x)−1 = 1−
∑k
i=1 xi=(si−1si), and the proof
will be complete if we show xi=(si−1si)∈M 1i m for all i¿ n. Fix a value of i¿ n, let
s = si−1, and let xi = (a=b)pi ∈ˆM 1i n. Then, i¿ 15, and, by Lemma 8.4, |(s)|6 h7=ni ,
and |(s)|6 h3=ni . Thus,
xi
si−1si
=
api
(s)
(s) (
(s)
(s) +
a
b pi)b
=
(s)2api
(s)2b+ (s)(s)api
;
|(s)2a|6 h6=(ni)+1=ni+1 6 h2=ni+1;
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|(s)2b+ (s)(s)api|6 h14=(ni)+1=ni+1 + h7=(ni)+3=(ni)+1=n+1=si+1
¡ 2h3=ni+16 h
4=n
i+1;
|((s)2b+ (s)(s)api; pi)| = |((s)2b; pi)|
6 |(s)2‖(b; pi)|6 h14=n+1=ni :
The analogous proof for 3= 2 is left to the reader, let n= 45m and use Lemma 8.5.
Next we show that T3 is completable; i.e., each nonzero element in the completion
(which we may assume is not in K) is invertible. Let K3 denote the completion of K
with respect to T3. Choose x∈K3 \ K . Write x in the form x′0 +
∑∞
i=1 x
′
i ∈ˆ x′0 + Wˆ
3
3,
with x′0 ∈K . Choose i1 such that
∑i
j=0 x
′
j =0 for i¿ i1. Let x0 =
∑i1
i=0 x
′
i , let xi = 0
for 16 i6 i1, and let xi= x′i for i¿ i1. Then x= x0 +
∑∞
i=1 xi ∈ˆ x0 + Wˆ
3
3 and si =0 for
i¿ 0, where, as before, si =
∑i
j=0 xj. By Lemma 2.2, x is invertible and x
−1 = x−10 −∑∞
i=1 xi=(si−1si), provided the series on the right side converges. Thus, by Theorem
4 and the comments following it, the proof that T3 is completable will be complete
if we show that, given m¿ 0, there exists j¿ 0 such that xi=(si−1si)∈M3i m for all
i¿ j. We show this for 3 = 1. Again, the analogous proof for 3 = 2 is left to the
reader. Suppose m¿ 0 is given and n = 15m. Choose j1¿ n such that xi ∈M 1i n for
i¿ j1. Let x′′0 =
∑j1
i=0 xi. Choose j2 such that |(x′′0 )|; |(x′′0 )| 6 h1=nj2 . Fix i¿ j1 ∨ j2,
and let s = si−1. Then |(s)|6 h7=ni and |(s)|6 h3=ni . Now, exactly as in the proof of
the continuity of division, xi=si−1si ∈M 1i m.
Unless speci9ed otherwise, we assume in the list below that hi= |pi| and RS−1 =K .
The topologies in [2] arise from the topologies T1 and T2 from Theorem 8 as
noted below (see Theorem 9(1)). We let Tˆ5 denote the completion of T5, and use
the notation of Theorem 6 for the 9eld F = Ẑ(p)(Ẑ(p)
∗
)−1.
T=T1 for : (Q; | |∞;Z); RS−1 = Z;
T2 =T1 (Q; | |∞;Z); pn prime;
T3 =T2 (Q; | |∞;Z);
T4 =T1 (Q; | |∞;Z); pn = pn!; p prime;
T5 =T1 (Q; | |∞;Z); RS−1 = Z(p); pn = pn!; p prime;
T6 = Tˆ
F
5
T7 =T1 (k(X ); | |1=X ; k[X ]); RS−1 = k[X ]; pn = X n!;
T8 =T1 (k(X ); | |1=X ; k[X ]); pn = X n!:
In his de9nition of T4, Marcos uses a set B of canonical denominators for coeQ-
cients of pi such that
{b: 0¡ |b|6 h1=mi+1} ⊂ B ⊂ {b: 0¡ |b|6 (hi+1hi)1=m}
to obtain an associated base {Um}. Therefore, W 1m ⊂ Um and U2m ⊂ W 1m. Analogous
comments hold for T8.
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Example 2. In any 9eld with a discrete unique factorization domain R for which there
is a prime p∈R such that |p|¿ 2; let p1=1 and p2=p. With the discussion of (D4′)
and the proof of (D4′′) in Theorem 8 in mind; we 9x an integer m¿ 9. Determine
{pi}; {h1 i}; an {h2 i} by requiring
|pi+1|= h2 i+1 = hi1 i+1 = (|pi|mi)i = |pi|mi
2
; pi+1 = pmi
2
i :
This is equivalent to de9ning; for i¿ 2;
pi = pei ; h1 i = |p|m(i−1)ei−1 ; h2 i = |p|ei ; ei = mi−2[(i − 1)!]2:
Then hi1 i6 h
mi(i−1)
1 i = h1 i+1; so {h1 i} meets the conditions in Theorem 8. Let T1 1
and {W (1)i } (T1 2 and {W (2)i }) be the T1-type topology and its associated base at
zero for the sequence {h1 i} (respectively {h2 i}). Certainly; T1 1¿T1 2. The inequal-
ity is strict since the sequence xi = (pii=1)pi is convergent only in T
1 2: xi ∈W (1)m \
W (1)m+1 and xi ∈W (2)mi . If T1 0 is the topology associated with hi = |pi−1|i−1; then
T1 0¿T1 1¿T1 2.
A slight modi9cation of the example above provides an example for which there are
in9nitely many choices of sequences {hi}, no two of which produce the same topology.
With R as above, choose a prime p such that |p|¿ 2. Let p1 = 1, p2 = p, and, for
all k; hk 1 = 1 and hk 2 = |p|. De9ne inductively
|p3|= h3 3 = h22 3 = h2
2
1 3 = (|p2|2)2
2
= |p2|22+1 ; p3 = p22+12 ;
|p4|= h4 4 = h33 4 = h3
2
2 4 = h
33
1 4 = (|p3|3)3
3
= |p3|33+1 ; p4 = p33+13 ;
: : :
|pi+1|= hi+1 i+1 = hii i+1 = · · ·= hi
i
1 i+1 = |pi|i
i+1
; pi+1 = pi
i+1
i :
Let hk i = hi i for k ¿ i. Each element pi is an integral power of p, and each number
hk i is an integral power of |p|, and it is possible but unnecessary to describe these
integer exponents explicitly, rather than by using the induction above. For any 9xed
value of k, the sequence {hk i} may be used as bounds with {pi} in Theorem 8 to
produce a T1-type direct topology T1 k , and T1 k¿T1 k+1 for all k.
Let {W (k)n } be the associated base at zero for the generalized direct system in The-
orem 8 de9ning T1 k . Fix k and let ai equal p raised to the greatest integer not
exceeding (log|p| hk i)=9. (Actually, this log is divisible by 9 for i¿ 4.) Then for
i¿ 9; ai+1pi ∈W (k)9 \ W (k)10 , while limi→∞ ai+1pi = 0 with respect to the topology
T1 k+1.
This example has an extension of the property displayed in the example in [5]. In the
example in [5] a ring topology on Q was given with the property that a subsequence
of {pn}, where p was a prime integer, converged to zero, but p was not a topological
nilpotent. Each completable 9eld topology in the nested sequence {T1 k} has the same
property, and K=Q is among the 9elds on which these topologies may be constructed.
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Denition 4. We say that a 9eld (K; | |; R) with a discrete order has a division algorithm
(or simply R has a division algorithm) if; for all a; b∈R; with a =0; there exists q; r ∈R
such that b= qa+ r and |r|¡ |a|.
If the absolute value on a 9eld (K; | |; R) is discrete (i.e., has cyclic value group),
then the statement that (K; | |; R) has a division algorithm is equivalent to the statement
that the function g(x) = logc |x|, where c¿ 1 is a generator of the value group |K∗|,
makes R a Euclidean ring. In a ring R with a division algorithm, each element u∈R
such that |u|= 1 is invertible in R: let a= u and b= 1 in De9nition 4.
Three examples of 9elds with a discrete order that have a division algorithm are
(Q; | |∞;Z); (F(x); | |1=x; F[x]); (Q(i); | |∞;Z[i]);
where F is a 9eld and x is transcendental over F . (See [11, p. 58] for a proof that
Z[i] has a division algorithm.)
Example 3 below shows that not every 9eld with a discrete order has a division
algorithm. We leave this as an open question. If (K; | |; R) has a division algorithm, is
R a principal ideal domain?
Theorem 9. (1) If M3−i m is the set obtained by replacing all weak inequalities (6) in
the de8nitions of Ni m and M
3
i m by strict inequalities; then {M3−i m } is a generalized
direct system with T3 as the associated topology.
(2) If there exists t ∈Z¿0 such that, for all i¿ 0; |q|¿ |pi|1=t whenever q is a
prime factor of pi (as, for example, is the case when each element pi is prime), then
M 0i m =
{a
b
pi ∈ˆNi m: b∈ 〈S〉; (b; pi) = 1
}
is a generalized direct system for T1.
(3) If (K; | |; R) has a division algorithm, R is a principal ideal domain, 〈S〉 = R,
and {pi} satis8es the hypothesis of (2) above, then, for m¿t=3; M 1i 3m ⊂ M 2i m; thus,
T1 =T2 on K .
Proof. We prove only (3). Suppose (a=b)pi ∈ˆM 1i 3m. Then (b; pi) = 1. Since R is a
principal ideal domain; there exists u; v∈R such that ub + vpi = 1. Use the division
algorithm to write u = qpi + r; where 0¡ |r|¡ |pi|. (Note that r = 0 would imply
qpib + vpi = 1.) Thus; (r + qpi)b = 1 − vpi and rb = 1 + cpi; where c = −(qb + v).
Now;
api
b
=
rapi
rb
=
(ra)pi
1 + cpi
;
where |ra|6 |pi+1|1=s+1=(3m)6 |pi+1|2=(3m); and
|c|=
∣∣∣∣ rb− 1pi
∣∣∣∣6 2|pi‖pi+1|1=3m|pi| 6 |pi+1|2=3m:
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4. Related topologies
In Theorem 10(b) and (c) below, (K; | |; R); 3, and {hi} from Theorem 8 are 9xed,
and various multiplicative semigroups S ⊂ R∗ are to be considered. The notation T3(S)
will denote the topology T3 in Theorem 8 for a particular semigroup S. On RS−1 the
topologies T3(S) and T3(S)K |RS−1 may be distinct. If T is another semigroup of
R∗; T may be used to construct additional topologies on RS−1: T3(T )K |RS−1 and, if
S ⊂ T; T3(T )|RS−1 .
In case the multiplicative semigroup S = {1} in Theorem 8, the requirement that R
be a unique factorization domain may be omitted:
Theorem 10. Let (K; | |; R) be a 8eld with a discrete order. Let {pi} and {hi} be as
in Theorem 8. For i¿m; let
Mi m = {api: a∈R; |a|6 h1=mi+1}:
(a) {Mi m} is a generalized direct system for a topology T on R, and T¡TK |R.
(b) If R is a unique factorization domain, then
T1({1}) =T2({1}) =T; T2(R∗)¡TK :
(c) If R is a unique factorization domain, and S and T are multiplicative semigroups
of R∗ such that RS−1 ( RT−1, then T3(T )|RS−16T3(S). If, also, there exists a
prime p∈ 〈T 〉 \ 〈S〉 such that either p divides in8nitely many terms of the sequence
{pi} or R=pR is 8nite, then T3(T )|RS−1 ¡T3(S).
Proof. (a) For the remainder of this paper; let Vm =
⋃∞
k=1
∑k
i=1 Mi m. All the bounds
on sums and products of elements from M3i m in the proof of Theorem 8 continue to
hold for Mi m; although; perhaps; it is easier to establish them again independently.
The proof of (D4′′) in Theorem 8 uses a divisibility argument not valid for arbitrary
discrete rings. To prove (D4′′); consider x =
∑j
i=3 aipi ∈ˆV3; with aj =0. We assume
j¿ 4; since (D4′′) follows trivially otherwise. We bound the sum of all terms except
the last:∣∣∣∣∣
j−1∑
i=3
aipi
∣∣∣∣∣6
j−1∑
i=3
h1=3+1=ii+1 6
j−2∑
i=3
h1=3+1=ii+1 + h
2=3
j ;
and
j−2∑
i=3
h1=3+1=ii+1 6 (j − 4)h2=3j−1¡ (j − 2)h2=3j−1
¡h1=( j−2)+2=3j−1 ¡h
(1=( j−2)+2=3)1=( j−1)
j 6 h
7=18
j :
Therefore;∣∣∣∣∣
j−1∑
i=3
aipi
∣∣∣∣∣¡ 2h2=3j ¡hj ¡ |ajpj|;
so that
∑j−1
i=3 aipi = ajpj; proving (D4′′). Theorem 7 implies T¡TK |R.
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(b) With notation as in the proofs of Theorems 8 and 10(a), Vn ⊂ W (2)n , so
T2(R∗)6TK . Since Vn ⊂ R, we establish that the inequality is strict by show-
ing Wn ⊂ R for any n. Let q1; : : : ; qr be the distinct prime factors of p2n, and let
b= 1 +
∏r
i=1 qi. Then (1=b)p2n ∈Wn \ R. The equalities in (b) are obvious.
(c) The weak inequality is clear. With the additional hypothesis, we obtain a se-
quence that converges to zero with respect to T3(T )|RS−1 but not with respect to
T3(S) as follows: If in9nitely many of the pi are divisible by p, then we choose
a subsequence {pi(k)=p} of {pi=p} of with terms in RS−1. The kth term of this se-
quence is a canonical representation for T3(T ). Fix 3= 1 or 2. Let {WSn } and {WTn }
be the bases at zero associated with T3(S) and T3(T ), respectively. Let ,(n) be
a normalizing sequence for {WTn }. If some term of the sequence were in WS,(1), it
would have a canonical representation for T3(S). This representation would clearly
also be a canonical representation of T3(T ), and, since p ∈ 〈S〉, it would be distinct
from the canonical representation (1=p)pi(k), contradicting the uniqueness of canonical
representations.
If R=pR has t elements, then, for any positive integer k, at least two of the t + 1
partial sums
sn = pk(t+1) + pk(t+1)+1 + · · ·+ pk(t+1)+n; 06 n6 t;
must be congruent modulo p; say p|(sn−sm), where 06m¡n6 t. Then the sequence
whose kth term is
(1=p)pk(t+1)+m+1 + (1=p)pk(t+1)+m+2 + · · ·+ (1=p)pk(t+1)+n
is in RS−1 and converges to zero with respect to T3(T ) but not with respect to T3(S).
Theorem 11. Let (K; | |; R) be a 8eld with a discrete order; and let Mi m be as in
Theorem 10.
(a) If {zn} is a sequence in R for which zn|zn+1 and which is eventually in every
nonzero ideal of R (such a sequence must exist if R is a countable set), then MKi n =
{api ∈Mi n: zn|a} is a generalized direct system inducing TK on K and TK |R on R.
(b) If R is a unique factorization domain, then TK (also TK |R) is a direct topology
if and only if a maximal set P of pairwise nonassociate primes is countable.
Proof. (a) Suppose {zn} satis9es the hypothesis. It is easy to verify that {MKi n} is a
generalized direct system on K and on R. Let {UKn } be the associated base at zero.
For a given n; if m¿ 2n is large enough that |zn|6 h1=2nm+1; then znVm ⊂ UKn . Also; for
m¿ n such that a|zm; we have that UKm ⊂ aVn. It follows that {MKi n} induces TK in
K and TK |R in R.
(b) Suppose R is a unique factorization domain. If P = {p1; p2; : : :}, we may let
zn = (
∏n
i=1 pi)
n to obtain from the 9rst statement of this theorem that TK and TK |R
are direct topologies. If P is uncountable, then, by Theorem 6(5), TK |R (and hence
TK) is not 9rst countable; certainly then, TK |R and TK are not direct topologies.
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We recall (in Theorem 12 below) an observation made in [2] and then give a
nonarchimedean analog of the statement.
Theorem 12. Let {pi} be a sequence of integers such that p1 =1 and pi+1¿ 2pi for
all i. For each x∈Z there exists a unique 8nitely nonzero sequence {ai} in Z such
that x =
∑
aipi and; for all n¿ 1;∣∣∣∣∣
n∑
i=1
aipi
∣∣∣∣∣6 pn+12 and; if equality holds; then
n∑
i=1
aipi ¿ 0:
The sequence {ai} has the following properties:
(1) |ai|¡pi+1=pi for all i.
(2) If |x|¡pn, then ai = 0 for i¿ n.
(3) If pi|pi+1 for all i, then for n¿ 2;
∑n−1
i=1 aipi is a member of x + Zpn with
minimal absolute value.
(4) If (K; | |; R)=(Q; | |∞;Z); {pi} is as in Theorem 8, m¿ 3, and x=
∑
bipi ∈ˆVm,
then bi = ai for all i.
Proof. Existence; uniqueness; (2) and (4) were proved in [2]. The proof for (4) was
based on the assumption that each hi had its largest value: pi. Replacing these values
for hi with smaller ones results in Vm being replaced by a subset of the original Vm;
thus; no new proof is required.
To prove (1), observe that
ai =
 i∑
j=1
ajpj −
i−1∑
j=1
ajpj
/pi;
|ai|6
(pi+1
2
+
pi
2
)/
pi ¡
pi+1
pi
;
where the last inequality is justi9ed by observing that the mean of two distinct numbers
is strictly smaller than the larger of them. (3) follows from the 9rst inequality in the
de9ning property of {ai}.
Theorem 13. Let (K; | |; R) be a nonarchimedean absolute valued 8eld with a discrete
order which has a division algorithm. Let {pi} be a sequence in R∗ such that p1 = 1
and {|pi|} is strictly increasing and unbounded. Then; for each x∈R; there exists a
unique 8nitely nonzero sequence {ai} in R such that x =
∑
i¿1 aipi and
(1) |ai|¡ |pi+1|=|pi| for all i¿ 1.
This sequence has the following properties:
(2) |x|¡ |pn| implies |ai|= 0 for all i¿ n.
(3) If pi|pi+1 for all i, then, for all n¿ 2, the element
∑n−1
i=1 aipi is the unique
element in the residue class x + Rpn with minimal absolute value.
(4) If an =0, then |
∑n
i=1 aipi|= |anpn|.
(5) If {pi} is as in Theorem 8, m¿ 3, and x=
∑
bipi ∈ˆVm, then bi = ai for all i.
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Proof. Let p0 = 0. Then; for all x∈R; |pn|6 |x|¡ |pn+1| for exactly one integer n.
The proof of the existence of such a representation with ai=0 for i¿n is by induction
on n. If n=0; then x=0 and we may choose ai=0 for i¿ 1. If n=1; then |x|¡ |p2|
and we let a1 = x and ai = 0 for i¿ 1. Suppose the theorem is proved for |x|¡ |pn|
and consider x such that |pn|6 |x|¡ |pn+1|:
x = anpn + r; |r|¡ |pn|6 |x|;
|an|=
∣∣∣∣x − rpn
∣∣∣∣= |x||pn| ¡ |pn+1||pn| :
By induction; r =ˆ
∑n−1
i=1 aipi; and the proof is complete; since x =ˆ
∑n
i=1 aipi.
Suppose x =
∑
bipi, where {bi} is a 9nitely nonzero sequence distinct from {ai},
and {bi} satis9es (1). Let n be the largest integer such that an = bn. Then
n∑
i=1
aipi =
n∑
i=1
bipi; |ai|; |bi|¡ |pi+1||pi| for i6 n;
n∑
i=1
(ai − bi)pi = 0; |ai − bi|¡ |pi+1||pi| for i6 n:
Now |(an − bn)pn|¿ |pn| and, for i¡n; |(ai − bi)pi|¡ |pi+1|6 |pn|, which implies
|∑ni=1 (ai − bi)pi|= |(an− bn)pn| =0, a contradiction. This establishes the uniqueness.
Next, assume pi|pi+1 for all i and consider the valuation of an element x+apn ∈ x+
Rpn:
x + apn =
n−1∑
i=1
aipi +
(
a+
∑
i¿n
aipi
pn
)
pn:
The 9rst term on the right has absolute value less than |pn|, and the second term is
either zero or has absolute value greater than or equal to |pn|.
To prove (4), note that each term of the representation of x can be bounded:
|aipi|¡ (|pi+1|=|pi|)|pi|= |pi+1|. Therefore,∣∣∣∣∣
n−1∑
i=1
aipi
∣∣∣∣∣6maxi¡n |aipi|¡ |pn|6 |anpn|;∣∣∣∣∣
n∑
i=1
aipi
∣∣∣∣∣=max
(∣∣∣∣∣
n−1∑
i=1
aipi
∣∣∣∣∣ ; |anpn|
)
= |anpn|:
To prove (5), choose x =
∑n
i=1 bipi ∈ˆVm ⊂ V3. If i¡ 3, then bi = 0. For i¿ 3,
|bi|6 h1=mi+16 |pi+1|1=m ¡
|pi+1|
|pi| :
We recall the following result from [6] which, when (K; | |; R) is (Q; | |∞;Z), reduces
to Theorem 2 from [3]:
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Theorem 14. Suppose (K; | |; R) is a 8eld with a discrete ring and {pi} is a sequence
of elements in R∗ such that (1) {pi} is eventually in every nonzero ideal of R; (2)
pi|pi+1 for all i; and (3) |p2|¿ 2 and |pi+1|¿ (|pi|+ 1)2i for all i. Let
Ui m = {x∈R: x ≡ a (Rpi) for some a such that |a|¡ |pi|1=m − 1};
and let Um =
⋂∞
i=2 Ui m. Then {Um} is a neighborhood base at zero for a nondiscrete
Hausdor3 ring topology S on R (and SK is a nondiscrete Hausdor3 ring topology
on K).
In [6,3], the set which we label U2m here was called Um. Also, the statement of
Theorem 1 in [6] and Theorem 2 in [3] required the existence of p∈R with absolute
value greater than or equal to 2 such that p divides each pi; however, (1) in the
hypothesis implies each p∈R∗ divides all but 9nitely many of the terms pi.
We show S=T.
Lemma 15.1. For a real number c¿ 3; c1=2¡c− 1. Thus for {pi} as in Theorem 8
and i¿m ∨ 5; |pi|1=(2m)¡ |pi|1=m − 1.
Theorem 15. Suppose (K; | |; R) is a 8eld with a discrete order; pi|pi+1 for all i; p1 =
1; |p2|¿ 2; and |pi+1|¿ (|pi|+1)2i for i¿ 2. Let T and Vn be as de8ned in Theorem
10 and its proof; with hi = |pi|; and let S and Um be de8ned as in Theorem 14. For
all m¿ 1; then V10m ⊂ Um. For n¿ 3 and m such that |pn|1=m ¡ 2; Um ⊂ Vn. Thus
S=T.
Proof. If
∑
ajpj ∈ˆV10m; then (ai=0 for i¡ 10m and); by Theorem 12(3) and Lemmas
8.3 and 15.1; for i¿ 10m;∣∣∣∣∣∣
i−1∑
j=1
ajpj
∣∣∣∣∣∣6 |pi|1=(2m)¡ |pi|1=m − 1:
Pick x∈U ∗m . Since n¿ 3,
|pn|1=m ¡ 26 |p2|6 |pn−1|6 |pn|1=(n−1);
so m¿ n. Also, |pn|1=m ¡ 2 implies pn|x, so |x|¿ |pn|¿ 2. For some k; |pk |1=m ¡
|x|6 |pk+1|1=m. Since |x|¿ |pn|¿ |pn|1=m; k¿ n¿ 3. For 26 i6 k choose bi ∈R such
that |x − bipi|¡ |pi|1=m, and let ci = x − bipi. Then
x= bkpk + (bk−1pk−1 − bkpk) + · · ·+ (b2p2 − b3p3) + c2
= bkpk +
(
bk−1 − bk pkpk−1
)
pk−1 + · · ·+
(
b2 − b3p3p2
)
p2 + c2p1:
We 9nd bounds for the coeQcients of the elements pi. For i = k,
|bk |=
∣∣∣∣x − ckpk
∣∣∣∣6 |pk+1|1=m + |pk |1=m|pk | 6 |pk+1|1=m;
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where the last inequality is established by replacing |pk | by the smaller quantity 2 and
observing that a mean of two numbers is less than the larger number. For 2¡i6 k,
the equalities bipi + ci = bi−1pi−1 + ci−1 imply∣∣∣∣bi−1 − bi pipi−1
∣∣∣∣= ∣∣∣∣ci − ci−1pi−1
∣∣∣∣6 |pi|1=m + |pi−1|1=m|pi−1| 6 |pi|1=m:
Finally, by de9nition, |c2|6 |p2|1=m. Hence, x∈Vm ⊂ Vn.
Example 3. In Example 1 we let 0m = 2(m−1)! to obtain a 9eld with T1¡T2; a
discrete order which does not have a division algorithm; and an example showing that
the hypotheses in Theorem 10(c); although suQcient; are not necessary. Indeed; suppose
xm+1 = qxm + r; with q; r ∈F[T ]. Then r= xm+1− qxm. When qxm is written as sum of
monomials with like terms combined; clearly xm+1 is not among the terms. Therefore
|r|¿ |xm+1|¿ |xm|. The ring F[T ] is easily veri9ed to be a unique factorization domain;
but not a principal ideal domain.
Let pi = xii ; hi = |pi| = 2i!, and let T3 =T3((F[T ])∗). Then {xmm=xm+1} converges
to zero in T1. Suppose {,(m)} is a normalizing sequence for {M 1i m}. We show by
contradiction that xmm=xm+1 ∈ W 23k for 3k¿ ,(1) and m¿ 3k. Assume
xmm=xm+1 ∈ˆW 23k ⊂ W 1k ⊂ W 1,(1)
for m¿ 3k. Since the canonical representation of an element in W 23k is its canonical
representation in W 1,(1),
xmm
xm+1
=
axmm
b+ cxmm
∈ˆM 2m 3k ; 0 = b= axm+1 − cxmm:
Since each monomial in b will have either xm+1 or xmm as a factor, |b|¿ |xm+1|= |xmm|=
|pm|. But, from the de9nition of M 2m 3k , we have |b|6 |pm|1=(3k). Therefore, T1¡T2.
Let
ym =
xm
xm − xm+1 x
m
m −
1
xm − xm+1 x
m+1
m+1
=
m∑
k=0
xm−km x
k
m+1 ∈W 1m ∩ F[T ]:
Then {ym} converges to zero in T1|R, but not in T. Therefore, T1|R ¡T, even
though the hypotheses of Theorem 10(c) are not satis9ed.
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